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SUMMARY: The current work aims to investigate the anisotropic Bianchi type - III, V , and V I0
bouncing cosmological models in modified gravity. The present study deals with the examination of
f(R,T ) gravity, i.e., f1(R)+f2(T )=R − νγ tanh (R

γ
) + λT where ν, γ, λ are constants, R is the Ricci

scalar, and T is the trace of the energy-momentum tensor. Two assumptions are to be considered for
solving the field equations of the three models: i) the expansion scalar is proportional to the shear scalar,
and ii) the bouncing scale factor. Here, the bouncing scale factor is studied in exponential form (i.e., a
symmetric bounce) and, as a result, the graphs show that the contracting phase reflects the expanding
phase. Some parameters of the three models are analyzed, and the graphs of those parameters are used
to describe their relevance. Energy conditions are evaluated within the context of f(R,T ) gravity, and
the results are deduced as the infringement of the null and strong energy conditions, which exhibits an
accelerated universe scenario, whereas the dominant energy condition is fulfilled. The stability of the
obtained model is examined using the perturbation technique. This article yielded intriguing results
that support the current observations of the cosmos.
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1. INTRODUCTION

During the 20th century, a lot of research was done
in cosmology, and one of the most significant discov-
eries of that research was the rapid universe’s expan-
sion. As this is an exciting topic in recent times,
many researchers are likely to have enthusiasm for ex-
ploring this topic. Experimental results evidence that
the universe is in a state of accelerated expansion as
observed from cosmic observations, such as supernova
type Ia, cosmic microwave background, and large-
scale structure (Riess et al. 1998, Perlmutter et al.
1999, Spergel et al. 2003, Tegmark et al. 2004). There

© 2026 The Author(s). Published by Astronomical Ob-
servatory of Belgrade and Faculty of Mathematics, University
of Belgrade. This open access article is distributed under CC
BY-NC-ND 4.0 International licence.

are two possible ways to explain this rapid expansion.
One of them is dark energy(DE), which is believed to
arise from a form of exotic matter with negative pres-
sure. Dark energy can be described either by the cos-
mological constant, or by an equation-of-state param-
eter defined as ω = p

ρ , where p denotes pressure, and

ρ denotes energy density. Several theoretical models
have been proposed as DE candidates, including the
cosmological constant, quintessence, phantom energy,
tachyon fields, and Chaplygin gas models (Weinberg
1989, Peebles and Ratra 2003, Sahni and Starobinsky
2000, Caldwell 2002, Sen 2002, Kamenshchik et al.
2001). Another way is a modified version of Einstein’s
general relativity field equations, which can be devel-
oped by using the Einstein-Hilbert action theory.

There are numerous types of modified theories of
gravity such as f(R) gravity, f(T ) gravity, f(G) grav-
ity, f(R,G) gravity, and f(T,B) gravity where R, T ,
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G and B are Ricci scalar, Torison scalar, Gauss-
Bonnet scalar, and Boundary term, respectively.
Among all these theories, f(R) is fascinating be-
cause of successful outcomes related to the present
universe. f(R) gravity can demonstrate the unifica-
tion of the early-time inflation and late-time accel-
eration of the cosmos. The f(R) theory is very im-
portant in high-energy physics for resolving the hier-
archy or gravity-GUT unification issues. One of the
most important phase transitions in the early uni-
verse was the one from quark-gluon plasma (QGP)
to hadrons. According to the hot big bang hypoth-
esis, such phase transitions first occurred when the
universe was only a few seconds old. Dixit et al.
(2023a) have discussed the cosmological consequence
of the f(R) dark energy scenario with the Kantowski-
Sachs space-time in the context of strange quark
matter with string clouds. Odintsov and Oikonomou
(2025a) aim to provide a new parametrization of the
power-law gravity inflation framework in the Jordan
frame. Odintsov and Oikonomou (2025b) have stud-
ied confronting rainbow-deformed f(R) gravity with
the Atacama Cosmology Telescope (ACT) data. No-
jiri et al. (2025) have explored how a dynamical os-
cillating and phantom crossing dark energy era can
be realised in the context of f(R) gravity. Nojiri
et al. (2022) have discussed the integral f(R) gravity
and saddle point condition as a remedy for the H0-
tension. These are some of the authors who worked
on various cosmological models in f(R) theories of
gravity. The authors who worked on f(T ), f(G),
f(R,G), and f(T,B) gravity are mentioned in refer-
ences below. Shekh et al. (2023a) have explored ob-
servational constraints on the transit reconstructed
Tsallis f(T ) gravity. Pradhan et al. (2024b) worked
on reconstruction of the Lambda Cold Dark Mat-
ter (ΛCDM) model from f(T ) gravity in a viscous-
fluid universe with observational constraints. No-
jiri and Odintsov (2025) investigated the correspon-
dence between modified gravity theories and the gen-
eral entropic cosmology theory. Such a theory is
proposed by analogy with Jacobson’s work, where
the Einstein equation was derived from the Beken-
stein–Hawking entropy. Shekh et al. (2025) inves-
tigated a Cartesian coordinate metric viscous fluid
cosmological model with interactions, using a novel
parametrization of the Hubble parameter and con-
straining free parameters with observational data.
Verma et al. (2026) have studied on Testing f(T )
gravity with cosmological observations: confronting
the Hubble tension and implications for the late-time
universe. Nojiri and Odintsov (2024) have explored
Black holes, photon sphere, and cosmology in ghost-
free gravity. Ghaderi et al. (2024) have constructed
the Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmological model of the universe by choosing the
source as holographic and Renyi holographic dark en-
ergy in the context of f(R,G) gravity. Shekh et al.
(2023b) have studied f(T,B) gravity with statisti-
cally fitting of H(z).

Tsujikawa suggested one of the several f(R) mod-
els which is consistent with cosmological and local
gravity constraints. Among them, the feasible model
is f(R) = R − νγ tanh(Rγ ) where ν and γ are con-

stants. To satisfy local gravity constraints in the
solar system, f(R) approaches the ΛCDM model
when R >> R0, where R0 is the Ricci scalar at the
present epoch. Appleby and Battye (2007) proposed
a model of the form f(R) = R− νγ tanh(Rγ ). In this

model, the cosmological constant vanishes in space-
time when the condition f(R = 0) = 0 is satisfied.
The derivative of f(R) with respect to R is given by
1−ν sech2(Rγ ). The function f(R) = R−νγ tanh(Rγ )

quickly reaches f(R) = R − νγ within the region
R >> γ and this model is very close to the ΛCDM
model.

Tsujikawa (2008) has worked on observational sig-
natures of the f(R) dark energy models that sat-
isfy the cosmological and local gravity constraints.
Golchin and Mehdizadeh (2019) have investigated
quasi-cosmological traversable wormholes in f(R)
gravity. De Felice and Tsujikawa (2010) have dis-
cussed the f(R) theories. Amendola and Tsujikawa
(2010) have studied dark energy theory and observa-
tions. Lee et al. (2011) have worked on future cos-
mological evolution in f(R) gravity using two equa-
tions of state parameters. Liu et al. (2018) have
studied constraining f(R) gravity in the solar sys-
tem, cosmology, and binary pulsar systems with spe-
cific f(R) models (the Hu-Sawicki model, Tsujikawa
model, and Starobinsky model). Inspired by the
above works, in the present paper, the second form
of f(R, T ) gravity suggested by Harko et al. (2011)
is considered i.e., f(R, T ) = f1(R) + f2(T ) with
f1(R) = R − νγ tanh(Rγ ) and f2(T ) = λT where ν,

γ and λ are constants. In terms of energy transfer
between geometry and matter, this expansion of cos-
mic gravity in f(R, T ) can be explained effectively.
There are many works on linear, quadratic, exponen-
tial, and logarithmic forms of R in f1(R), but this
paper is an entirely new one and, by choosing the
functional form of f(R, T ) = R − νγ tanh(Rγ ) + λT ,

the desired solutions are obtained. In recent years,
the authors who worked on various aspects of f(R, T )
gravity are found in references (Vinutha and Kavya
2020, Vinutha and Sri Kavya 2021, Vinutha and
Venkata Vasavi 2021, Vinutha et al. 2021b, 2023,
Moraes and Sahoo 2017, Sahoo et al. 2018).

Pradhan and Jaiswal (2018) have studied A class
of spatially homogeneous and anisotropic Bianchi-V
massive string models in the f(R, T ) theory of grav-
ity in presence of magnetic field. Sharma et al. (2019)
have examined the stability of the transition from the
early decelerating stage of the Universe to the recent
accelerating stage for the (LRS) Bianchi-I model in
the f(R, T ) theory. Maurya et al. (2020) have in-
vestigated the Bianchi type-V cosmological models
with a quark matter (QM) distribution and domain
walls with observational constraints in the f(R, T )
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theory of gravity. Dixit et al. (2023b) have studied
observational constraints in a general class of Bianchi
models in f(R, T ) gravity. Pradhan et al. (2024a)
have worked on exploring wormholes in f(R, T ) grav-
ity. Banerjee et al. (2025) explored quark stars in
f(R, T ) gravity: mass-to-radius profiles, and obser-
vational data. Myrzakulov et al. (2025) worked on
the f(R, T ) gravity theory for the flat Friedmann-
Lemaitre–Robertson–Walker (FLRW) model, the ac-
celerating expansion of the universe is investigated
using a specific form of the emergent Hubble param-
eter.

The concept of bouncing cosmology can be traced
back to the Tolman (1931) work in the 1930s, far
earlier than the inflationary cosmology. Initially,
the Big Bang theory discussed the universe’s expan-
sion and this theory envisaged the formation of light
atomic nuclei from protons and neutrons. But, be-
cause of this theory, many problems came into exis-
tence, such as the flatness problem, horizon problem,
and monopole problem. In order to solve these is-
sues raised by the Big Bang, the cosmic inflation was
needed to create a uniform, smooth, and flatness of
the cosmos which was devised by Alan Guth. Despite
its prominent explanation in the early universe, the
inflationary cosmological model fails to illustrate the
problem of singularity. Many researchers looked into
this problem and devised a solution known as Big
Bounce. Among various bouncing cosmological mod-
els, the physical motivation for choosing this sym-
metric bounce is that it does not exhibit a singu-
larity behavior. A bouncing universe with an initial
contraction to a non-vanishing minimal radius and
subsequently an expanding phase provides a possible
solution to the singularity problem of the standard
Big Bang cosmology. Bamba et al. (2014a) have ex-
plored the f(R) theory with exponential and power-
law forms of bouncing cosmology. Shabani and Ziaie
(2018) have worked on bouncing cosmological solu-
tions from f(R, T ) gravity. Tripathy et al. (2019)
have studied bouncing cosmology in an extended the-
ory of gravity. Sahoo et al. (2020) have investigated
the bouncing scenario in f(R, T ) gravity. Bamba
et al. (2014b) have studied the bouncing cosmol-
ogy in a modified Gauss–Bonnet gravity. Caruana
et al. (2020) have studied the cosmological bounc-
ing solutions in f(T,B) gravity. Debnath and Paul
(2021) have worked on the bouncing scenario with
causal cosmology. Nojiri et al. (2016) have studied
the bounce universe history from a unimodular f(R)
gravity.

This paper is organised as follows: In Section 2,
the general formalism of f(R, T ) gravity and the field
equations of f(R, T ) gravity are derived. Section 3
provides solutions to the field equations for three
models, and Section 4 is mainly concerned with phys-
ical and geometrical properties. Finally, Section 5
contains conclusions.

2. GENERAL MATHEMATICAL
FORMULATION OF f(R,T ) MODEL

f(R, T ) gravity is essential in providing a com-
plete discussion on rapid expansion without the help
of exotic matter. In 2010, Harko and Lobo devel-
oped the f(R,Lm) theory, where R is the Ricci scalar
and Lm stands for the matter Lagrangian density.
The f(R, T ) gravity is a modified theory where the
Lagrangian density is an arbitrary function f(R, T )
of the Ricci scalar R, and the trace of the energy-
momentum tensor T . The T -dependence in f(R, T )
gravity may appear from the presence of imperfect
fluids or quantum effects. The action integral for
f(R, T ) gravity is as follows

S =

∫ [
1

16π
f(R, T ) + Lm

]√
−gd4x, (1)

here, we take geometrical units G = c = 1. Now,
varying the above equation with respect to the fun-
damental tensor component gij yields the field equa-
tion

fR(R, T )Rij −
1

2
f(R, T )gij + (gij�−∇i∇j)

fR(R, T ) = 8πTij − fT (R, T )θij − fT (R, T )Tij ,


(2)

here, ∇i is the covariant derivative and � = ∇i∇j
is the D’Alembert operator. fR(R, T ) and fT (R, T )
represent the derivatives of f(R, T ) with respect to R
and T , respectively, and Rij is the Ricci tensor. We
have

θij = −2Tij + gijLm − 2glk
∂2Lm
∂gijglk

. (3)

The energy-momentum tensor Tij is defined as

Tij = diag(ρ,−p,−p,−p), (4)

where p and ρ are pressure and energy density of
the fluid, respectively. Many researchers have investi-
gated the energy-momentum tensor as a perfect fluid,
mentioned in references (Ray 1982, Rao et al. 2008,
Pradhan and Jotania 2011, Pradhan et al. 2007).
Here, we consider Lm = −p (Bertolami et al. 2007,
Bisabr 2013, Sotiriou and Faraoni 2008) and θij be-
comes

θij = −2Tij − pgij , (5)

and the trace of stress energy tensor is

T = ρ− 3p. (6)

By using the above equation, the f(R, T ) field Eq. (1)
is obtained as
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Gij =
1

fR(R, T )

[
[8π + fT (R, T )]Tij

+ pfT (R, T )gij + [
1

2
f(R, T )

−1

2
RfR(R, T )]gij

−(gij�−∇i∇j)fR(R, T )
]
,


(7)

where Gij is the Einstein tensor expressed as Rij −
1
2Rgij .

3. METRIC AND SOLUTIONS OF THE
FIELD EQUATIONS

The spatially homogenous and anisotropic
Bianchi-type cosmological models play a crucial
role in the early universe. The investigation of
anisotropic geometries is attaining more significance
as a result of the recent Planck probe findings. The
isotropy of CMBR and reflection of the amount
of helium produced in the early stages of the uni-
verse’s evolution fascinate in working on anisotropic
cosmological models. Theoretical arguments and
modern experimental evidence from the CMBR
suggest the presence of an anisotropic phase which
is later referred to as isotropic one. The authors
who explored the anisotropic universe are given
in (Vijaya Santhi et al. 2018, Reddy et al. 2016,
Mishra et al. 2018, Sahoo et al. 2016, Vinutha et al.
2021a, Vinutha and Kavya 2022, Rao et al. 2015,
Chaubey and Shukla 2013). Bianchi type models
were examined because of less symmetric nature and
they aid in finding more general cosmological models
than the FRW model. The Bianchi-type III, V, V I0
metric is given by

ds2 = dt2−L2dx2−M2e−2xdy2−N2e−2kxdz2, (8)

where L, M , and N are metric potentials, and func-
tions of cosmic time t. Here, the co-moving co-
ordinates are (t, x, y, z). k is an arbitrary constant,
and here, we take k = 0 for Bianchi-III, k = 1 for
Bianchi-V , and k = −1 for Bianchi-V I0 metric, re-
spectively.

3.1. Bianchi III cosmological model (k = 0)

The field equations Eq. (4) and Eq. (7) for metric
Eq. (8) in the case k = 0 are given as follows, and
these are the simplified equations after substitution
L = M which is the condition obtained from Bianchi
- III metric field equations:

L̈

L
+
N̈

N
+
L̇Ṅ

LN
=

−(8π + 3λ
2 )p

1− ν sech2(Rγ )
+

λρ

2(1− ν sech2(Rγ ))

−
νγ tanh(Rγ )

2(1− ν sech2(Rγ ))
+

νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[( L̇
L

+
Ṅ

N

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(9)

2L̈

L
+
L̇2

L2
− 1

L2
=

−(8π + 3λ
2 )p

1− ν sech2(Rγ )
+

λρ

2(1− ν sech2(Rγ ))

−
νγ tanh(Rγ )

2(1− ν sech2(Rγ ))
+

νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[(2L̇

L

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(10)

L̇2

L2
+

2L̇Ṅ

LN
− 1

L2
=

(8π + 3λ
2 )ρ

1− ν sech2(Rγ )

− λp

2(1− ν sech2(Rγ ))

−
νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2Ṙν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[2L̇

L
+
Ṅ

N

]
.



(11)

3.1.1. Solutions of the field equations

Two constraints are needed to procure the solu-
tions of the above highly non-linear field equations
Eq. (9)-Eq. (11), because it is evident from the field
equations that the number of equations is less than
the number of unknowns.
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i) The first constraint is the relationship between
the expansion scalar and shear scalar θ be propor-
tional to σ. As a result of this constraint, the metric
potentials L and N have the following relation

L = Nm, (12)

where m 6= 0, 1 is a constant. The Thorne (1967)
work can describe the physical reason for this suppo-
sition, i.e., the Hubble expansion of the universe is
currently isotropic by approximately 30% according
to the observations of the velocity redshift relation for
extragalactic sources. More precisely, redshift stud-
ies place the limit σ

H ≤ 0.30 on the ratio of shear (σ)
to Hubble constant (H) in the neighbourhood of our
Galaxy. (Kantowski and Sachs 1966, Kristian and
Sachs 1966). Inspired by this, the first constraint is
used in our work. In recent works, such as observa-
tional constraints on the expansion scalar, and shear
relation in the locally rotationally symmetric Bianchi-
I model (Singh et al. 2025), it can be observed that
this relation has been probed for its observational
compatibility with the data of different origins.

ii)The exponential scale factor for the bouncing
scenario is considered as

a(t) = eζt
2

, (13)

where ζ is a positive constant. The main rea-
son for exponential bouncing scale factors is to
overcome the Big Bang singularity problem by re-
placing the infinitely dense point of origin with a
smooth contracting-to-expanding phase. Cai et al.
(2012) originally used this model to describe the non-
singular bounce following an ekpyrotic contraction
phase. The concept of a symmetric-bounce is based
on the assumption that the universe goes through a
contraction phase after expanding, reaching a min-
imum size (the bounce point), and then expanding
again. The term symmetric in this regard relates to
the behaviour of cosmic dynamics throughout con-
traction and expansion. This concept has importance
in theoretical cosmology, the bouncing universe sce-
nario, and other modified gravity theories. These the-
ories try to address cosmological issues including the
nature of the big bang singularity and the genesis of
the universe. In general, the bouncing scenario di-
vides the universe into two eras one is contraction
and another is expansion. Here, the bounce happens
at t = 0, before the bounce, the universe indicates
contraction at t < 0, and after the bounce, the uni-
verse indicates expansion at t > 0.

The mean Hubble parameter for the Bianchi -III
model is

H =
1

3

(2L̇

L
+
Ṅ

N

)
. (14)

From Eqs. (12)-(14), we get

L = M = (eζt
2

)
3m

2m+1 , (15)

N = (eζt
2

)
3

2m+1 . (16)

Using Eqs. (15) and (16), the Bianchi type-III metric
is obtained as

ds2 = dt2 − (eζt
2

)
6m

2m+1 dx2

−(eζt
2

)
6m

2m+1 e−2xdy2 − (eζt
2

)
6

2m+1 dz2.
(17)

3.2. Pressure and density in case of
Bianchi-III model

By solving Eqs. (9)-(11) we get values of p and ρ
for the Bianchi-III model as

p =
1

4

(χ+ η − 2β − φ5 − φ6 + 2φ7 + 2φ8
φ2 − φ1

−χ+ η + 2β + 4φ3 − 4φ4 + 7φ5 + 3φ6 + 2φ7 + 2φ8
φ1 + φ2

)
,

(18)

ρ =

1

4

(χ+ η + 2β + 4φ3 − 4φ4 + 7φ5 + 3φ6 + 2φ7 + 2φ8
φ1 + φ2

+
χ+ η − 2β − φ5 − φ6 + 2φ7 + 2φ8

φ2 − φ1

)
,

(19)

The values of χ, η, β, and φi(i = 1, 2.....8) are given
in Appendix.

3.3. Bianchi V cosmological model (k = 1)

The field equations Eq. (4) with Eq. (7) for the
metric Eq. (8) in the case of k = 1 are given as follows

M̈

M
+
N̈

N
+
ṀṄ

MN
− 1

L2
=
−(8π + 3λ

2 )p

1− ν sech2(Rγ )

+
λρ

2(1− ν sech2(Rγ ))

−
νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[(Ṁ
M

+
Ṅ

N

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.


(20)
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L̈

L
+
N̈

N
+
L̇Ṅ

LN
− 1

L2
=
−(8π + 3λ

2 )p

1− ν sech2(Rγ )

+
λρ

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[( L̇
L

+
Ṅ

N

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(21)

L̈

L
+
M̈

M
+
L̇Ṁ

LM
− 1

L2
=
−(8π + 3λ

2 )p

1− ν sech2(Rγ )

+
λρ

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[( L̇
L

+
Ṁ

M

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(22)

L̇Ṁ

LM
+
ṀṄ

MN
+
L̇Ṅ

LN
− 3

L2
=

(8π + 3λ
2 )ρ

1− ν sech2(Rγ )

− λp

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2Ṙν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[ L̇
L

+
Ṁ

M
+
Ṅ

N

]
.



(23)

1

L2

[Ṁ
M

+
Ṅ

N
− 2L̇

L

]
= 0. (24)

3.3.1. Solutions of the field equations

Two constraints are needed to procure the solu-
tions of the above highly non-linear field equations
Eqs. (20)-(23), because, from the field equations, it is
evident that the number of equations is less than the
number of unknowns.

i) The first constraint is the relationship between
expansion scalar and shear scalar (θ is proportional

to σ). As a result of this constraint, the metric po-
tentials (M and N) are connected by the relation

M = Nm, (25)

m 6= 0, 1 is constant.
ii) The exponential scale factor for bouncing sce-

nario is assumed as shown above in Eq. (13). The
mean Hubble parameter for Bianchi -V model is

H =
1

3

( L̇
L

+
Ṁ

M
+
Ṅ

N

)
. (26)

From Eqs. (25), (13) and (26), we get

L = eζt
2

, (27)

M = (eζt
2

)
2m

m+1 , (28)

N = (eζt
2

)
2

m+1 . (29)

Using Eqs. (27)-(29), the Bianchi type-V metric is
obtained as

ds2 = dt2 − (eζt
2

)2dx2 − (eζt
2

)
4m

2m+1 e−2xdy2

−(eζt
2

)
4

2m+1 e−2xdz2.
(30)

3.3.2. Pressure and density in the case of Bianchi-V
model

By solving Eqs. (20)-(23) we get the values of p
and ρ for the Bianchi-V model as

p =
1

6

(χ1 + η1 + β1 − 3ε− ι5 − ι6 + 3ι7 + 3ι8 − ι9
ι2 − ι1

−χ1 + η1 + β1 + 3ε+ 6ι3 − 6ι4
ι1 + ι2

−5ι5 + 5ι6 + 3ι7 + 3ι8 + 5ι9
ι1 + ι2

)
,

(31)

ρ =
1

6

(χ1 + η1 + β1 + 3ε+ 6ι3 − 6ι4
ι1 + ι2

+
5ι5 + 5ι6 + 3ι7 + 3ι8 + 5ι9

ι1 + ι2

+
χ1 + η1 + β1 − 3ε− ι5 − ι6 + 3ι7 + 3ι8 − ι9

ι2 − ι1

)
,

(32)

The values of χ1, η1, β1, ε, and ιi(i = 1, 2.....9) are
given in Appendix.
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3.4. Bianchi V I0 cosmological model
(k = −1)

The field equations Eq. (4) and Eq. (7) for the
metric Eq. (8) in the case of k = −1 are given as
follows, and these are the simplified equations after
substitution M = N which is the condition obtained
from Bianchi - V I0 metric field equations

2N̈

N
+
Ṅ2

N2
+

1

L2
=
−(8π + 3λ

2 )p

1− ν sech2(Rγ )

+
λρ

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[(2Ṅ

N

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(33)

L̈

L
+
N̈

N
+
L̇Ṅ

LN
− 1

L2
=
−(8π + 3λ

2 )p

1− ν sech2(Rγ )

+
λρ

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2ν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[( L̇
L

+
Ṅ

N

)
Ṙ+ R̈

]
−

2Ṙ2ν sech2(1− 3 tanh2(Rγ ))

γ2(1− ν sech2(Rγ ))
.



(34)

Ṅ2

N2
+

2L̇Ṅ

LN
− 1

L2
=

(8π + 3λ
2 )ρ

1− ν sech2(Rγ )

− λp

2(1− ν sech2(Rγ ))
−

νγ tanh(Rγ )

2(1− ν sech2(Rγ ))

+
νR sech2(Rγ )

2(1− ν sech2(Rγ ))

−
2Ṙν sech2(Rγ ) tanh(Rγ )

γ(1− ν sech2(Rγ ))

[ L̇
L

+
2Ṅ

N

]
.



(35)

3.4.1. Solutions of the field equations

Two constraints are needed to procure the solu-
tions of the above highly non-linear field equations
Eqs. (33)-(35), because, from the field equations, it is

evident that the number of equations is less than the
number of unknowns.

i) The first constraint is the relationship between
expansion scalar and shear scalar (θ is proportional
to σ). As a result of this constraint, the metric po-
tentials (N and L) are connected by the relation

N = Lm, (36)

here m 6= 0, 1 is constant.
ii) The exponential scale factor for bouncing sce-

nario is assumed as shown above in equation Eq. (13).
The mean Hubble parameter for the Bianchi -V I0

model is

H =
1

3

( L̇
L

+
2Ṅ

N

)
. (37)

From equations Eqs. (36),(13) and (37), we get

L = (eζt
2

)
3

2m+1 , (38)

M = N = (eζt
2

)
3m

2m+1 . (39)

Using equations Eqs. (38)-(39), the Bianchi type-V I0
is obtained as:

ds2 = dt2 − (eζt
2

)
6

2m+1 dx2 − (eζt
2

)
6m

2m+1 e−2xdy2

−(eζt
2

)
6m

2m+1 e2xdz2.
(40)

3.4.2. Pressure and density for the Bianchi-V I0
model

By solving Eqs. (33)-(35) we get the values of p
and ρ for the Bianchi-V I0 model as:

p =
1

4

(χ2 + η2 − 2β2 − α5 + 2α6 + 2α7 − α8

α2 − α1

−χ2 + η2 + 2β2 + 4α3 − 4α4 + 7α5 + 2α6 + 2α7 + 3α8

α1 + α2

)
,

(41)

ρ =
1

4

(χ2 + η2 + 2β2 + 4α3 − 4α4

α1 + α2

+
7α5 + 2α6 + 2α7 + 3α8

α1 + α2

+
χ2 + η2 − 2β2 − α5 + 2α6 + 2α7 − α8

α2 − α1

)
,

(42)
The values of χ2, η2, β2, and αi(i = 1, 2.....8) are given in
Appendix.

4. PROPERTIES OF THE MODELS:

All the physical and geometrical parameters of the
obtained model are discussed thoroughly with the help of
their plots with respect to time (t). The negative region
of t, i.e., t ≤ 0, indicates the contraction phase, whereas
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Fig. 1: Plot of the Hubble radius versus time (t).

the positive region of t, i.e., t ≥ 0, indicates the expansion
phase, and the bounce occurs at time zero, i.e. t = 0.

i) The Hubble sphere is defined by the Hubble radius
and, at any cosmic time, the Hubble radius is the ra-
dial coordinate of the Hubble sphere boundary which is a
closed 2-dimensional spatial surface. The Hubble sphere
center is at the place of the observer and it is indepen-
dent of the previous history or future of the cosmos. The
Hubble radius parameter is described as:

RH =
1

a(t)H(t)
=

1

eζt22ζt
, (43)

where a(t) and H(t) are the scale factor and Hubble pa-
rameter, respectively. From Fig. 1, it is observed that
before the bounce, the Hubble radius increases with time,
it blows up at t = 0, and after the bounce, the Hubble
radius decreases with cosmic time.

ii) The spatial volume of the model is

V = a3 = (eζt
2

)3. (44)

Fig. 2 shows the the volume decreases with time before
the bounce at t = 0. After the bounce, the volume in-
creases with time.
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Fig. 2: Plot of volume (V ) versus time (t).

iii) The expansion scalar θ is

θ = ui;i = 3H = 6ζt. (45)

iv) The shear scalar for Bianchi-III and Bianchi-V I0
models is given by

σ2 =
3ζ2t2(m− 1)2

(m+ 1)2
, (46)

and the shear scalar for the Bianchi- V model is

σ2 =
4ζ2t2(m− 1)2

(m+ 1)2
. (47)

v) The mean anisotropy parameter Ah is defined
based on the directional Hubble parameter, and mean
Hubble parameter as

Ah =
1

3

[∑(Hi −H
H

)2]
, (48)

where Hi, i = 1, 2, 3, indicates the directional Hubble pa-
rameters for the coordinates of x, y, and z, respectively.
The mean anisotropy parameter Ah for the Bianchi-III
and Bianchi-V I0 models is obtained as

Ah =
2(m− 1)2

(2m+ 1)2
;m 6= 1, (49)

and the mean anisotropy parameter Ah for the Bianchi-V
model is obtained as

Ah =
2(m− 1)2

3(m+ 1)2
;m 6= 1. (50)
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Fig. 3: Plot of jerk parameter (j) versus time (t).

4.1. Jerk parameter

The parameters such as the Hubble parameter, de-
celeration parameter, and jerk parameter are described
by the first, second, and third derivatives of scale factor
with respect to time t, respectively, and it is one of the
most significant quantities for studying the universe evo-
lution. The jerk parameter can be used to find departures
from concordance with ΛCDM. It is unique characteristic
for revealing hidden transitions between stages of various
cosmic acceleration.

The jerk parameter is defined as

j =
1

aH3

d3a

dt3
. (51)

For this model, the jerk parameter is

j = 1 +
3

2ζt2
. (52)

The value j = 1 is in the case of a flat ΛCDM model.
The jerk parameter is positive for both the contracting
and expanding universe, as shown in Fig. 3.
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4.2. Deceleration parameter

One of geometrical parameters is the dimensionless
deceleration parameter q, defined as

q = −1 +
d

dt
(

1

H
), (53)

that can be used to determine the dynamics of the cos-
mos. Based on the sign of q (i.e., positive/negative),
it can be observed whether the universe is accelerat-
ing/decelerating. The universe indicates a decelerating
expansion when q > 0, expansion with constant rate
when q = 0, accelerating power-law expansion when
−1 < q < 0, exponential expansion when q = −1, and
super-exponential expansion when q < −1. From Fig.
4, it is observed that q < 0 indicates a contracting and
accelerating, whereas q > 0 shows an expanding and de-
celerating scenario.

For this model, the deceleration parameter is

q = −1− 1

2ζt2
. (54)

The value of the deceleration parameter matches the ob-
servational values of SNe Ia, which represents an expand-
ing universe (Clocchiatti et al. 2006, Riess et al. 2004,
Tonry et al. 2003).
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Fig. 4: Plot of deceleration parameter (q) versus time

(t).
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Fig. 5: Plot of pressure (p) versus time (t) for Bianchi-

III model.

4.3. Pressure

Figs. 5, 6 and 7 show the sketch of pressure against
time for the three models. In pressure graphs, it is ob-
served that the pressure is in maximum at t = 0. Pressure
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Fig. 6: Pressure (p) for Bianchi-V model.
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Fig. 7: Pressure (p) for Bianchi-V I0 model.

is negative throughout space-time, it takes negative val-
ues all over the range, and negative pressure shows a rapid
expansion.
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Fig. 8: Energy density (ρ) for Bianchi-III model.

4.4. Energy density

Figs. 8, 9 and 10 depict the evolution of the energy
density of the three models. It is clear that the energy
density is positive, and the curve is convex at the bounce.
The energy density is positive throughout space-time, it
takes positive values all over the range. In both, the pres-
sure and energy density graphs, before the bounce and
after the bounce the curves, are symmetric.

4.5. EoS parameter

The term EoS parameter is defined as the ratio of
pressure and energy density i.e., ω = p

ρ
, and is widely

used to categorize many regions of the expanding cos-
mos. It distinguishes between the decelerated and accel-
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Fig. 9: Energy density (ρ) for Bianchi-V model.
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Fig. 10: Energy density (ρ) for Bianchi-V I0 model.

erated stages of the expanding universe in the era listed
below. In the quintessence region, the EoS parameter lies
within the range of −1 < ω < − 1

3
, in the phantom phase,

the EoS parameter is in the range of less than -1 (i.e.,
ω < −1), and in the quintom, ω = −1. For a stiff fluid-
dominated universe, dust fluid, radiation, and vacuum;
the values of the EoS parameter are ω = (1, 0, −1

3
,−1).

However, the EoS parameter should not be considered
constant as it varies with time (t), or redshift (z). Figs.
11, 12 and 13 of the EoS parameter are drawn against
time and, from the figures, it can be noticed that it de-
creases with time before the bounce, that is in the phan-
tom region (ω < −1), at t = 0 we have some vertical
lines, and, after the bounce, the EoS parameter increases
with time. It is clear that ω evolved from ω > −1 to
ω < −1, symbolizing several phases of the cosmos, such
as quintessence (ω > −1) and phantom (ω < −1). Using
SNe Ia data from various surveys, the Pantheon study
produced the result ω = −1.026 ± 0.041 (Scolnic et al.
2018), which is for a flat CDM model, and, after merg-
ing with the CMB constraints, it results in ω= −0.978 ±
0.059. Observational constraints from the Planck Collab-
oration (Planck Collaboration et al. 2014) and WMAP
(Hinshaw et al. 2013) place the EoS parameter in the
ranges (i) −0.92 ≤ ω ≤ −1.26 (Planck + WP + Union
2.1), (ii) −0.89 ≤ ω ≤ −1.38 (Planck + WP + BAO), and
(iii) −0.983 ≤ ω ≤ −1.162 (WMAP + eCMB + BAO +
H0). The three models match the above observational
data, which is a good result.

4.6. Energy conditions

Energy conditions are attractive because of the casual
and geodesic structure of space-time, along with the at-
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Fig. 11: EoS parameter (ω) for Bianchi-III model.
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Fig. 12: EoS parameter (ω) for Bianchi-V model.

tractive nature of gravity, and it is used to study the
behavior of cosmological solutions throughout the cos-
mos. Also, energy conditions are well understood for
implementing the positiveness of the stress-energy tensor
in the presence of matter. The energy conditions orig-
inate from the Ray-chaudhuri equations, which allow us
to study the complete spacetime structure without having
to solve Einstein’s equations precisely. These conditions
are the linear combination of pressure and energy density,
and from these conditions, we perceive that the pressure
and energy density cannot be negative. Most commonly
used inequalities of energy conditions in terms of a perfect
fluid matter and stress-energy tensor T are

� NEC states that Tiju
iuj ≥ 0 for any null vector ui,

and it is acquired as ρ+ p ≥ 0.

� WEC states that Tiju
iuj ≥ 0, for any timelike vector

and one can obtain ρ ≥ 0, ρ+ p ≥ 0.

� DEC given by T ijuj is a non-spacelike vector, where
ui is a timelike vector, thus uiui = −1, ρ ≥ 0, fol-
lowing that ρ± p ≥ 0.

� SEC written as (Tij− 1
2
Tgij)u

iuj ≥ 0, for all timelike
vector ui, which leads to ρ+ 3p ≥ 0, ρ+ p ≥ 0.

The attractive essence of gravity is described by NEC,
while SEC is beneficial for studying the Hawking Penrose
singularity theorem. DEC is used to prove the positive
mass theory, and energy transfer velocity cannot exceed
the speed of light. For WEC, the requirement necessitates
that the energy density measured by every observer must
always be positive, and for the DEC energy density mea-
sured by any observer is non-negative. Energy conditions
have been investigated in various modified theories
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Fig. 13: EoS parameter (ω) for Bianchi-V I0 model.

such as f(R) (Santos et al. 2007, Wang et al. 2010, Berto-
lami and Sequeira 2009), f(T ) (Jamil et al. 2013, Liu and
Reboucas 2012), f(R,Lm) (Wang and Liao 2012), and
f(R, T ) (Sharif and Zubair 2013, Capozziello et al. 2014,
2015). The behavior of energy conditions are discussed in
detail with the help of their plots. As observed from Figs.
14, 15 and 16, DEC is fulfilled, that is ρ− p ≥ 0, whereas
SEC and NEC are violated, ρ+ 3p ≤ 0 and ρ+ p ≤ 0 for
three models.
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Fig. 14: Energy conditions for Bianchi-III model.
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Fig. 15: Energy conditions for Bianchi-V model.

4.7. Stability analysis

The perturbation technique (Yadav et al. 2019, Chen
and Kao 2001, Saha et al. 2012) is basically used for find-
ing approximate solutions to the obtained exact solutions.
The stability of the solution against metric perturbation
will be studied in this section.

ai → aBi + δai = aBi(1 + δbi). (55)

time(t)

-2 -1 0 1 2

e
n

e
rg

y
 c

o
n

d
it

io
n

s

-10

-5

0

5

10
ρ+3p

ρ+p

ρ -p

Fig. 16: Energy conditions for Bianchi-V I0 model.

The perturbation of volume scale factor, directional Hub-
ble factors, and mean Hubble factor are given as

V → VB + VB
∑
i

δbi,

θi → θBi +
∑
i

δbi,

θ → θB +
1

3

∑
i

δbi.


(56)

The metric perturbations δbi are shown in the equations
given below. ∑

i

δb̈i + 2
∑
i

θBiδḃi = 0, (57)

δb̈i +
V̇B
VB

δḃi +
∑
j

δḃjθBi = 0, (58)

∑
i

δḃi = 0. (59)

From equations Eqs. (57) - (59), we get

δb̈i +
V̇B
VB

δḃi = 0, (60)

where VB is the background spatial volume and, in our
case, VB is

VB = e3ζt
2

. (61)

Using the above equations, we get

δbi = c1 + c
( √π

2
√

3ζ
erf(

√
3ζt)

)
, (62)

where c1 and c are constants of integration.
Hence, the actual fluctuations δai = aBiδbi is

δai = c1e
−3ζt2 + ce−3ζt2

( √π
2
√

3ζ
erf(

√
3ζt)

)
. (63)

From Fig. 17 it is clear that δai begins with small positive
value and approaches zero i.e. δai → 0 as t→∞. Hence,
the background solution is stable against perturbation of
gravitational field.
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Fig. 17: Actual fluctuations (δai) versus time (t).

5. CONCLUSIONS

For cosmologists studying the dynamics of the cos-
mos has become a significant aspect of their work. The
present research study focuses on the Bianchi-III, V, and
V I0 bouncing cosmological models in f(R, T ) gravity. A
cosmological model is a mathematical representation of
the universe that elucidates the geometry of space and
time as well as the distribution and nature of matter. Cur-
rent cosmological interests encourage us to study modified
theories of gravity that aim to explain the cosmic speed-
up. The bouncing scale factor is used to solve the field
equations and provide precise solutions. Here, we exam-
ined the non-singular bouncing scale factor, and the im-
portance of the non-singular bouncing cosmology is that
it avoids the singularity problem. According to the cur-
rent interpretation of the bouncing cosmology, the uni-
verse’s expansion is preceded by a period of contraction,
after which a non-vanishing bouncing point connects the
contraction and expansion. All graphs are drawn with
respect to time (t) and discuss the behavior of all param-
eters of the three models. The following conclusions were
obtained after observing the parameters:

� From Fig. 1, as cosmic time moves away from
bounce, the Hubble radius reduces to smaller val-
ues, i.e., it reaches zero, and near the bounce, the
Hubble radius represents a narrow region. As ob-
served from Fig. 2, it is noticed that the volume
has a minimum value at t = 0, decreases with time
before the bounce, and increases with time after the
bounce.

� Models that include a cosmic jerk better depict tran-
sitions between stages of distinct cosmic accelera-
tions. The jerk parameter is plotted against time (t)
in Fig. 3. Due to the vanishing nature of the Hub-
ble rate at bounce, the jerk parameter has a singular
value at the bouncing epoch. From Fig. 3, it is clear
that, the jerk parameter reaches ΛCDM as t → ∞
and t→ −∞.

� The graph of deceleration parameter is drawn with
respect to time (t). From Fig. 4, it is obvious
that the deceleration parameter is negative in both
phases. The observations of distant type Ia super-
novae show that q is negative, implying the uni-
verse’s expansion is speeding up.

� The pressure is negative, and the energy density is
positive in all three models, as seen in Figs. 5 to
7, and 8 to 10. The rapid expansion of the cosmos
is attributed to the negative pressure and positive
energy density.

� The figures showing the EoS parameter indicate its
dependence on cosmic time in the three models. The
model starts from the quintessence era with vertical
lines and reaches the phantom region. Furthermore,
these models exhibit a quintom model, as evidenced
by observational data (Zhao et al. 2007, Feng et al.
2005).

� From Figs. 14 to 16, it is observed that the energy
conditions are drawn with respect to time. NEC and
SEC are violated in the three models, whereas DEC
is fulfilled. Since NEC is violated, the models evolve
in the phantom phase in both phases of the bounc-
ing universe of the EoS parameter. The violation
of SEC corroborates with rapid expansion, and all
parameters discovered here represent the aspects of
the universe’s current phase.

� The stability analysis of the background solutions
of the obtained models is verified using perturba-
tion techniques, and it is clear that the background
solutions are stable against the perturbation of the
gravitational field, as shown in Fig. 17. It is ob-
served that for all the three models, the graphs of
pressure and energy density show a negative pres-
sure and positive energy density, which may be re-
sponsible for accelerated expansion of the universe.
However, in plots of the EoS parameter, small varia-
tions are seen. Among the three models, Bianchi-V
is more stable, symmetric near X = 0, and satisfies
the observational data more accurately. The remain-
ing two models are consistent with the observational
data more accurately. From the plots of energy con-
ditions of the three anisotropic models, it is observed
that all of them satisfy DEC ensuring physical ac-
ceptability of the matter distribution. However, SEC
and NEC are violated in all models. The extent of vi-
olation is the highest in the Bianchi-V model, where
the values of SEC and NEC show the largest neg-
ative departure. The Bianchi V I0 model exhibits a
moderate extent of violation with a slightly negative
value. In contrast, the Bianchi III model shows the
least departure from SEC and NEC making it com-
paratively more stable and physically viable among
the three. In summary, while all models align with
observational data and depict a late-time accelera-
tion, the hierarchy of stability and energy-condition
compliance suggests that the three models provide
an anisotropic framework that is physically consis-
tent.

The models presented in this study are capable of de-
scribing the universe’s evolution accuratly and pro-
ducing desirable outcomes which support the present
observational data. Finally, despite the absence of
any exotic fluid, the present universe is found to
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undergo accelerated expansion, representing a sig-
nificant result of this study. This work could be ex-
tended to other anisotropic models in the future, and
similarities and differences among them could be in-
vestigated.
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Originalni nauqni rad

Ciǉ ovog rada je istra�ivaǌe anizotrop-
nih cikliqnih (tzv. “bouncy”) kosmoloxkih
modela Bijankijevog tipa - III, V i VI0 - u ok-
viru modifikovane gravitacije. Ova studija
se bavi ispitivaǌem f(R, T ) gravitacije, od-
nosno f1(R) + f2(T ) = R − νγ tanh(R/γ) + λT gde
su ν, γ i λ konstante, R Riqijev skalar, a T
trag tenzora energije i impulsa. Za rexava-
ǌe jednaqina poǉa ova tri modela razmatra-
ju se dve pretpostavke: i) skalar ekspanzije je
proporcionalan skalaru smicaǌa, i ii) faktor
skaliraǌa je cikliqan. U ovom radu cikliqni
faktor skaliraǌa prouqavan je u eksponenci-
jalnom obliku (tj. kao simetriqno odbijaǌe),

a rezultuju�i grafici pokazuju da faza kon-
trakcije odra�ava fazu ekspanzije. Pojedini
parametri sva tri modela su analizirani, a
ǌihov uticaj prikazan je grafiqki. Energet-
ski uslovi su ispitivani u kontekstu f(R, T )
gravitacije, a rezultati ukazuju na naruxa-
vaǌe nultog i jakog energetskog uslova dok je
dominantni energetski uslov zadovoǉen, xto
ukazuje na scenario ubrzanog xireǌa Univer-
zuma. Stabilnost dobijenog modela ispitana
je primenom tehnike perturbacija. Ovaj rad
dao je zanimǉive rezultate koji podr�avaju
savremena posmatraǌa kosmosa.
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