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SUMMARY: The radial polynomials of the 2D (circular) and 3D (spherical)

Zernike functions are tabulated as powers of the radial distance.

The reciprocal

tabulation of powers of the radial distance in series of radial polynomials is also
given, based on projections that take advantage of the orthogonality of the polyno-
mials over the unit interval. They play a role in the expansion of products of the
polynomials into sums, which is demonstrated by some examples.

Multiplication of the polynomials by the angular bases (azimuth, polar angle)
defines the Zernike functions, for which we derive transformations to and from the
Cartesian coordinate system centered at the middle of the circle or sphere.

Key words. Instrumentation: adaptive optics — Methods: analytical

1. SCOPE

The 2D Zernike functions are an orthogonal
basis over the circle, which is a pupil section of an
optical system in the majority of applications. Or-
thogonality is helpful if Strehl ratios are derived from
expansion coefficients, for example, supposed phases
of wave fronts perturbed by turbulence are expanded
in such a basis.

Most of the uses of the 3D Zernike functions
have been hashes of shape characteristics for pattern
recognition (Mak et al. 2008). The incentive of this
work was modeling of ray paths through a turbulent
atmosphere, if the dielectric function is expanded in
a Zernike basis inside a sphere (Mathar 2008). Since
calculation of gradients is more tedious in curvilinear
local spherical coordinates than in Cartesian coordi-
nates, a transformation of the basis is useful.

The Zernike radial polynomials R (r) are em-
bedded in an orthogonal system in the unit sphere
(Bhatia and Wolf 1952, 1954) of integer dimension
D>1,

1
/ rP RORY dr = 6, (1)
0

for even n — 1 and 0 < [ < n. [The normalization
in two dimensions (9) will usually be chosen differ-
ently.] A set of spherical Harmonics for the D — 1
angular degrees of freedom complements the basis
(Blumenson 1960, Ehrentraud and Muschik 2004).

The ansatz R\ = rlX,gl)(r2) reveals that Xy(f)(z) is
proportional to the Courant-Hilbert Jacobi Polyno-
mial G,_py/2(l+D/2,1+ D/2,2) (22.2.2 and 22.3.3

of Abramowitz and Stegun 1972) and normalization

107



R. J. MATHAR
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where oF} is the Gaussian Hypergeometric Func-
tion. Time-dependent turbulence with time along
the fourth axis (mediated by some constant veloc-
ity) is a prospective case in D = 4 dimensions.
There is sufficient similarity between the 3D
and 2D Zernike functions to present both cases con-
jointly. The more familiar 2D Zernike functions
in Noll’s nomenclature are covered in Section 2—
although no new aspects beyond earlier work emerge

(Dai 2006)—and similar methodology is indepen-
dently applied to the 3D case in Section 3.

2. ZERNIKE CIRCLE FUNCTIONS
2.1. Zernike Radial Polynomials

We define Zernike radial polynomials in Noll’s
nomenclature (Noll 1976, Prata and Rusch 1989,
Kintner 1976, Tyson 1982, Conforti 1983, Tango
1977, Mathar 2007) for 0 < m < n, even n — m,

SR () [ G

()0 o
_ <—1)“(_Z> NG

= ( " )’rn 2F1 (a,b; —-n
—a

where a set of two negative parameters

m)/2;

abbreviates the notation in the context of hyperge-
ometric series. Following the original notation, we
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Il

—b;14+m;r®) (5)
FINC

a=—(n-— =—(n+m)/2 (7)

shall not put parentheses around the upper index m
in R]’—although it is not a power.

Table 1. Examples of (3).

=1-20r2+90r*

RS(r) =1.

Ri(r)=r.

RY(r) = —1+2r

R3(r) = r2.

Ri(r) = —2r+3r

R3(r) =1r3.

RY(r) =1—6r% +6r

R3(r) = —3r? + 4r*

Ri(r) =t

Ri(r) =3r — 1213 + 10r

R3(r) = —4r3 + 51

R3(r) = 5.

R3(r) = =1+ 12r% — 30r* + 20r
R%(r) = 6r% — 20r* + 151

Ri(r) = —=5rt + 61

RS(r) =rS.

Ri(r) = —4r + 30r® — 60r° + 357
R3(r) =103 — 30r° + 21r

R3(r) = —6r° +7r

RI(r) =1r".

RY(r) = — 140r% 4 70r8.
R2(r) = —10r% + 60r* — 1057 + 5675,
Ri(r) = 15r* — 4276 + 28r8,

R§(r) = —7r% + 88,

R§(r)

The inversion of (4) decomposes powers 7/ into
sums of RI™(r),

J
ri = Z Pjnm By (7

n=m mod 2

)y j—m=0,24,... (8)

Multiplying this equation by R} (r), performing con-
traction on the right hand side with the normaliza-
tion integral

1
1
| R OB Y = b O)
0 2( '

n+1)

and using the explicit polynomial expression (4) on
the left hand side yields (Mathar 2007, Sanchez-Ruiz
and Dehesa 1997):

("7%) .

(1 + mTﬂ) l—a

hjmm = (n+1)(—1)° (10)

The parentheses with an integer index are Pochham-
mer’s symbol defined as

(x)r=z(xz+1)(x+2) - (x+t—-1);(x)o=1. (11)

From

R™(1) =1 (12)
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and (8) at r = 1, we obtain the sum rule
J

>

n=m mod 2

Njnm = 1. (13)

Basic properties of the Gamma Functions—
implicitly contained in (10)— exhibit recurrences:

(j+2+m)(j+2—-m)

h‘j+2,n,m = (] T2 TL)(] —|—4+’I’L) hj,n,m§ (14)
} . (+3)G-n
h],n+2,m - (] +4+TL)(TL+ 1) h],n,m7 (15)
Rjnmiz = ]ji;mm jon,m- (16)
Table 2. Examples of (8).
0= RJ(r).
ri= Ri(r).
r?= 3RY(r) + 3 R3(r)
= R3(r).
P= 2R + LRA()
- Rir).
ri= éRS(r) + %Ro(r) LRY(r)
= 1’0+ R
= Ri().
= 3R+ R A
- J0)+ R0
= R:(r).
rf= %15?8(7") + 2 RY(r) + TRY(r) + 5 RA(r)
= gR%(T) + ng(T) + 5 R5(r)
- i+ {0
= R8(r).
7= 2RY(r) + 2RY(r) + SRY0) + S RAC)
= SR + LR + 5 BA(r)
- [0+ RO
= RY(r).
r8= %]7?8(7“) + 2RY(r) + 2RY(r) + 15 RI(r) + 5 R3(r)
= g BB (r) + (rRi(r) + g RY(r) + 55 RE(r
= 3Rj() + Rt + LRl
= §R§(r) + gR3(r)
= RS

2.2. Zernike Functions

The Zernike functions Z;(r,¢) are products
of the radial polynomials by azimuth functions,
cos(mep) or sin(me), associated with Cartesian co-
ordinates

(17)

Starting at Z; = 1, the index j is increased by in-
creasing m, increasing n, when this is exhausted as

T =rcosyp; Y =rsine.

n = m has been reached, keeping j even for functions
x cos(my), m > 0 and keeping j odd for functions
o sin(mep) (Noll 1976), we get:

V2n 4+ 2 R (r) cos(mep), m > 0,jeven;
Z; =13 V2n+2R(r)sin(mg), m > 0,jodd;
vn+ 1R (r), m = 0.
(18)
/ Zi(r, @) Zi(r, )d*r = w8 5 d*r = rdrdep.
r<l
(19)

Table 3. Examples of (18).
Zl = R8(7")
Zy = 2Ri(r) cos(yp).
Z3 = 2R}(r)sin(yp).
Zy =3 RY(r).
Zs = \fRQ(r) 5in(2¢).
Zs = /6 R3(r) cos(2¢p).

)
Zg = 2/2 Ri(r) cos

)s

)

Z7 = 23/2 R} (r) sin(¢p).
().
Zg :2\/§R3(r in(3y).
Z10=2v2 R3(r) cos(3¢p).
Z11= V5 Ry(r).
Z19= /10 R3 () cos(2¢p).
Z13= V10 R3(r) sin(2¢).
Z14= V10 R}(r) cos(4¢p).
Zi5= fR4(r) in(4ep).
Z16= 2\fR5(r) cos(yp).

2.3. Cartesian to Zernike

From (17), each multinomial 2Py? may be de-
composed into terms proportional to R (r) cos(m)
if ¢ is even, or proportional to R} (r)sin(me) if ¢ is
odd,

aPy? =1l cos? psinlp, j=p+q,  (20)
—1)la/2]
cos? psin? p = % (21)
[(G—-1)/2]  min(g,m) » \/(q
[2 Z Z ('rn—l) (l)
m=0 [=max(0,m—p
y x(=1)" cos[(j — 2m)¢] + C(p,q)], geven;
[(G-1)/2]  min(g,m) » \(q
2 Z Z (m,—l) (l)
m=0  [=max(0,m—p
x(—1)"sin[(j — 2m)e], qodd;
where
2] F((P+1)/2)
TG/2ADI(-a)/2) "
Clp.a)=§ = (-1 TEE jeven;

0, jJodd
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is a ”dangling” component representing the contribu-
tion at 7 = 2m if ¢ and j are both even (Dai 1995).
The notation |x] is the floor function, the largest
integer < x.

This extends Section 1.32 of the Gradstein-
Ryshik (1981) tables, and distributes cos? ¢ sin? ¢
into sums over cos(my) or sin(mep) as in Table 4.

Table 4. Examples of (22).

cos? = [1 4 cos(2¢)]/2.
cospsing = [sin(2¢p)]/2.

sin? = [1 — cos(2¢)]/2.

cos® ¢ = [3cos(p) + cos(3¢)] /4.
cos? psinp = [sin(yp) + sin(3p)] /4.

w

sin® ¢ = [3sin(p) — sin(3¢)]/4.

cos® = [3 4 4 cos(2¢p) + cos(4p)]/8.
cos® psin g = [2sin(2¢p) + sin(4¢)]/8.

cos? psin? p= [1 — cos(4y)]/8.

2sin(2¢) — sin(4¢)]/8.

3 — 4 cos(2¢) + cos(4y)]/8.

NW

cos psin® ¢

[
[
[
%
cos psin? ¢ = %cos(g&) — cos(3¢)]/4.
[
[
[
sin* i [
in* =

Back to (20), these are multiplied by 7/ = P4
for the intermediate Table 5 of Cartesian to spherical
transformations.

Table 5. Examples of (20).

2.4.

Zernike to Cartesian

The reversal of the transformation of Chapter

2.3 splits each 77 cos(mep) or 77 sin(me) in the

Table 6. Examples 2D Cartesian — Zernike.

x  =rcos(p).

y  =rsin(p).

z? = r?cos(2p) + ir2

xy = %7’2 sin(2¢).

y? = —1r?cos(2p) + 312

z® = 1r3cos(3p) + 313 cos(p).

Yy = %1"3 sin(3p) + 1r3sin(p).

ry? = —1r3 cos(3p) + 13 cos(p)

v o= 7%7"3 sin(3p) + §r3 sin(yp)

at = Lrtcos(4y) + $rtcos(2p) + 31

3y = zr‘l sin(4¢) + %27’4 sin(2¢)

22y?= —Lrtcos(4y) + Lrt.

ryd = 721"4 sin(4¢) + §r4 sin(2¢).

y' = Lrtcos(4p) — $rtcos(2¢) + 21t

x® = ;510 cos(5p) + %7’5 cos(3¢) + 2r° cos(y).
zty = =r0sin(5p) + =r°sin(3p) + 17° sin(p).
23y?= — L1 cos(5p) — 157 cos(3p) + £r° cos(p)
z?yP= —-r®sin(5¢) + 1%7"5 sin(3¢) + £7° sin(y).
zy = =10 cos(5p) — %7‘5 cos(3¢) + £7° cos(p)
y° = =rdsin(5p) — =r°sin(3p) + 2r° sin(y)

2,2

8
w

|
St le=d4
=y
QU
=2
3
2
o}
2}
2
ot
©
LY
+

8
<
I
5=
ay

I
=
o)

= Ri(r) cos(y).
— () sin(p).
= L R3(r) cos(2¢) + § R3(r) + § R3(r).
= 1R3(r

sin(2¢p).

r) cos(2¢) + RY(r) + 1 RI(r).

cos(3p) + % cos(p)Ri(r) + X cos(p) Ry (r).
sin(3¢p) + %sin(gp)Ri(r) + 55 sin(np)Ré(r).
r) cos(3p) + % cos(go)Ri (r)

s(0)R3(r).

r)sin(3p) + % sin(p)Ri (r)

@)R3(r).
r) cos(4p) + gcos(QLp)Rg(r)
5(2¢) Ri(r) + s R(r)

(r) + 15 RA(r).

r) sin(4p) + % sin(Q@)Rg (r)

sin(2¢) R (r).

) cos(4p) + 714R8(r) + %Rg(r) + 4—18R2(r).
) sin(4¢p) + 13—6 sin(2¢)R5 (1)

20) Ri(r).

os(4y) — %cos(&p)Rg(T)

(2¢)Ri(r) + §Ro(r)

(r) + $5 RA(r).
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Each factor 77 is expanded with (8) in a sum
over R, selecting the line of the Table 2 associated
with m to generate Table 6. For pure powers z?,
i.e., if the factor y is absent, the coefficients could
also be taken from the column headed with two p in
Conforti’s (1983) Table 1.
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expansions of Chapter 2.1 into

rI TP ™ cos(myp) =

(x2+y2)(gfm)/2 Z (_1)Lk/2j< >1’mkyk,

k=0,2,4,... k

T sin(mg) =

(22 + 9202 S (1)l (z) e
k=1,3,5,...
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which yields a sum over the bivariate Cartesian prod-
ucts after binomial expansion of (z? + y?)=m)/2,

Table 7. Examples of (22) and (23).
reos(p) = .
rsin(p) =y.
2 — 2 42
72 cos(2p)= 12 — y?
r? sin(2¢p) = 2y
r3cos(p) = a3 + zy?.
rdsin(p) = yx? + 3.
73 cos(3p)= 23 — 3xy>.
3 sin(3p) = 3yx? — 3.
A — ot 4 22292 4 o
rt cos(2p)= a2t — y?
r*sin(2¢p) = 223y + 229>
r* cos(4p)= x* — 62%y? + y*
r*sin(4p) = 4ady — day®.
rocos(p) = x5 + 223y? + ayt.
rosin(e) = yzt + 222y + ¢°.
r® cos(3p)= x° — 2x3y2 — 3xyt.
79 sin(3¢) = 3yx* + 222y3 — yb.
75 cos(byp)= x5 — 10:U3y + by
5 sin(5p) = byxt — 102%y® + ¢°.
The two cases are
(G—m)/2

§ $2t+m j—m—2t

t=—[%]

) (E)

4 cos(mep)

min(I5% —¢,| 2 |)

<
k=max(0,—t

and
‘ (G=m)/2 |
7 sm(map) — Z x2t+m—1y3—m—2t+1
t=—| 1
min(157 ¢, 7)) N\ /i=m
—1)F 2 ). (23
. 2 ) (=1) (2k+1)<t+k> (23)

k=max(0,—t

The explicit tabulation for small j and small m is
given in Table 7.

Linear superposition by inserting these into
the right hand sides of (4) yields Table 8.

If m is odd, the transformation from cos(me)
to sin(my) and vice versa is a straight exchange of

x and y plus a multiplication by (—1)l™/2],

Table 8. Merger of Tables 1 and 7.

R8(T‘): Z1 =1
Ri(r)cos(p) = 1%ZQ =z
Ri(r)sin(p) = 373 =y
Ry(r)= 3324 =22% + 2" — 1
R3(r)cos(2¢p) = 1\[Z6 =22 —y2.
R3(r)sin(2¢p) = \fZ5 = 2zy.
Ri(r)cos(p) = 1\[28 = 323 + 3xy? — 2z.
Ri(r)sin(p) = %\/527 = 3x2y +3y% — 2.
R3(r)cos(3p) = 1v/2 219 = 2® — 3xy
R3(r)sin(3p) = 1\[29 = 322y — ¢,
Ri(r)= 3 5Z 1

=6zt + 2x2y2+6y — 622 — 6y + 1.
R3(r)cos(2¢p) = \ﬁZlg

=4 4—4y —3:v + 3y
R3(r)sin(2¢ \/>Zlg

=8z 3y + Smy — 6zy.
Ri(r)cos(4p) = 15V10 Z14 = x* — 62292 + y*.
Ri(r)sin(4p) = mfzm = 423y — dxy.
Ry(r)cos(¢) = §V/3 Zis
=10z° + 20x3y2 +10zy* — 1223
Ri(r)sin(p) = §v3 217
= 102*y + 202293 + 10y° — 1222y — 12 + 3y.

— 12292 + 32.

Rg(r)cos(?)ga) = %\/§Z18
= 525 — 1023y? — 152y* — 423 + 1292,
R3(r)sin(3p) = %\/ngg

= 152ty + 102%y® — 5y° — 122%y + 4y°.
R3(r)cos(5¢) = 1/3 Zog = 2 — 1023y + 5ay’.
Rg(r)sm(&p) = %\/§Z21 = 5x4y — 1O$2y3 + y5.

2.5. Product Expansion (Linearization
Coefficients)

Products of Zernike functions are products
Ry RY2 of the radial polynomials multiplied by
products of azimuthal functions of essentially three
different types,

cos(mq ) cos(map)

% s[(my —ma)p] + = cos[(m1 +ma)el;
sin(m1p) cos(map)

% nf(m1 — ma)g] + = sm[(ml +ma)el;
sin(m1 p) sin(map)

1 1

z cos[(m1 ma)e] — = cos[(m1 +ma)el.

Since the azimuthal terms couple to m3 = mq £ mo,
most applications seek an expansion of the form

ni+nz
my mz ms3
Rn ( )R § gnl,m17n2,m27n3,m3Rn3 (T)
n3=ms

(24)
111
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given any of these two cases of m3. The sum only
covers even values of n; + ng — ng. Equations (12)
and (24) establish the sum rule

ni+ns

Z Ini,mina,mans,ms = 1 (25)

n3=(ni+n2) mod 2

for the linearization coeflicients.
The orthogonality (9) rewrites (24) as

9ni,m1,n2,mz,n3,ms

:2m3+1)4 PRI (PRI (r) RIS (r)dr. (26)

Threefold use of (3) reduces the right hand side to a
triple sum over elementary integrals over polynomi-
als in 7,

9ni,m1,n2,ma,n3,ms = 2(713 + 1)

—aip —az —as 1

XZ Z Zn1+n2+n3+2(1—81—32—83)

51:082:083:0

3 n s n 2s
< [T(=)s (™" t)( e t). 27
I G [ (21)

As an alternative, Bailey resummation (Slater
1966) of the polynomial product on the left hand side
of (24) with 0 = s1 + s2 and 1+m; = 1 —b; + a, for
t=1or 2 gives

Ry Ry = (e (T ) (T

—ai —as9
—a1 —agz
(a1)s, (1 —b1)s,
X Z Z
— |
51=0 s3=0 (1+ap —b1)s, 51!
(a2)82(1 — b2)52 ’["2(81"1‘32) (28)

(]. —+ ag — b2)3282!

— (71)a1+a2 <b1> <b2>7,m1+m2
—a1 —as9

—a]1—a

20 (a2)o(1 = b2)o
- Z; "+ 4z = ba)oo!
X 4F3(ay,—0,1 = b1, —az + by — 0;
by —o,1+ay —b;,1—as —o;1). (29)

[The terminating Hypergeometric Function 4Fj at
the right hand side is ”"well poised” and has various
other representations (Whipple 1926, Slater 1966).)

This points at two more ways, besides (27), to com-
pute g:

112

Table 9. Examples of (24).
Ri(r)Ri(r)= R5(r)
%RS(T) + éRg(r).
Ry(r)Ry(r)= 3 Ri(r) + 5R5(

).
Ri(r)R3(r)= R3(r)

= 3RI(r) + 3 RA(r).
RY(r)BY(r)= JR3() + {RA(r)

= 3 R3(r) + 3 Ri(r).
Ri(r)R§(r)= Ri(r)

= %R%(r) + %Ri(r).

RY(r) BY(r)= S RY(r) + SRY(r).
RY(r)R3(r)= 3 R3(r) + 3 Ri(r).
R3(r)R3(r)= Ri(r)

= JRA() + L) + A R(r)

e e
% r i r)=z r)+ 2 R3(r

= IRl + LRI
R (r)RY(r)= B3 (1)

:%Rym+§R3m.
RY(r)RY(r)= LRI(r) + 35 RY(r) + 3RL()
s el

2(r)Ri(r)= 2R3(r) + 2R3(r
R%m;k%§@+iém+g%m
SR 4 2R + R
RY(r)BY(r)= TR3(r) + SRE(r)

= LRI() + RY(r).
RI(r)RE(r)= §§%Er§ + §§§Er§

=3 r)+ 3 ).
RIEY)= RS

:%Rﬂm+§Ram.

RY(r) RY(r)= L RY(r) + R(r)
RB(r)BA(r)= hR3(r) + 3 B(r) + S RE()
R3(r)RA(r)= L RI(r) + S R(r).
RS (r)R(r)= 1, R3(r) + 3R3(r) + 2RE(0)
RE(r)Ri(r)= {RA(r) + FRA(r)

= [ RA() + L RY) + ARY(r)
R3(r)Ri(r)= Fi(0)

= ZR3(r) + 7 RE(r) + (5 RE(r)

— Comparing coefficients of equal powers of r on
both sides of (24), we obtain a linear system of
equations. g with row index ng is the column
vector of unknowns, the matrix has entries of
the form

(—1)@ (b3> (a3)ss (1 — b3)ss (30)

—as (1 +m3)5353!

with column index n3 and row index sz, and
the constant vector is given by the coefficients
of (29) with row index s3 = o3 + (m; + mg —
ms) /2.

— Substitution of the factors r™1+m2+29 in (29)
by (8) also converts the product to the format
required by (24).



ZERNIKE BASIS TO CARTESIAN TRANSFORMS

Omitting the trivial case of either n; or ns
being zero, and showing only the cases ny < ng (the
others follow by swapping the two factors on the left
hand sides) for ms = mj & my generates Table 9.
Recursive application expands triple, quadruple etc.
products of Zernike functions.

3. 3D ZERNIKE FUNCTIONS
3.1. Radial Polynomials

The radial polynomials of the D = 3 Zernike
functions (2) are (Mathar 2008, Novotni and Klein
2004)

V2n + 3 (—1)(»-H/2
RO(r) = 2’:; ( >(n) r
l

(n—1)/2
n l+s
<% () ()
s=0 2

[+1+n+2s o s
><< ol )(—7’)

n—1)/2

TR > ()

l—i—”T*l—s n+1-2s\ ,_o
() e

defined for 0 <[ < n, even n — [, and normalized by
design as

1
/ T2Rg)(r)Rnl, (r)dr = dp - (33)
0
A noteworthy special value is
RV(1) = v2n +3, (34)

which is derived from representations as terminat-
ing hypergeometric series or Jacobi Polynomials
(Mathar 2008, Fields and Wimp 1961)

van+3 (PP )
> ()

1 1 1
xoFy [ —a,a—n—;—n—=;—
2 1( a, o n 2a n 27T2>

- \/m(i)!a (—=1)t

RY(r) =

(35)

oy (—o g+ o q57?)
(36)

where

a=n-10/2; q=1+3/2. (37)

To set them apart from the radial polynomials of
Chapter 2, the upper index is enclosed in parenthe-
ses. A stylistic difference to the 2D case is that Noll
(1976) maintained integer coefficients with the poly-

nomials R by removing a factor v/2n + 2 from the

R™ and a factor /7 from the azimuths, which resur-
face at places like (19) and (9). A recurrence is

l) R1('Ll-)‘1-2(r)

Von+7
Rl
Vva2n—1

= (3+2n)|(5+ 2n)(1 + 2n)r?

(1+2n)(n+3+0)(n+2—

+G+2n)(+14+n)(n

RY ()

—(2n2 +6n + 20 + 3+ 21%)| =L,
( ) 2n+ 3

Table 10. Examples of (32).

R (r)= V3.
Rgl)(r): V5.
R (r)= VT (=3+45r?).
Ré2)(r): VT2,
RY (r)= 3r(=5+7r2)
Rég)(r): 3r3.
R (r)= LVIT (15 — 702 + 6314).
RP (r)= LVI1r2(=7 + 9r2).
R£14)(r): Vilrt,
R (r)= 1V/137(35 — 12612 + 99r4).
Ré?’)(r): 1VI3r3(—9 + 11r?).
R (r)= V1310
R (r)= /15 (=35 + 31512 — 693+ 4 429rF).
RS (r)= 1\/15712(63 — 19812 + 143r4).
Rgl)(r): V1574 (=11 +13r2).
RéG)(r): V1578,
RM ()= VAT r(—105 + 69372 — 1287
+71575).
R (r)= LVAT13(99 — 28612 + 1954).
R (r)= LT r5(~13 + 15r2).
Rg)(r): V17T
(r)

RO (r)= —1-v/19 (315 — 462012 + 180187
—25740r° + 12155r%).

R (r)= L \/197%(—231 + 12872 — 214504
+110575).

R ()= Lv/1974(143 — 39072 + 25514).
RY) (r)= 1/1975(—15 + 177r2).
R (r)= V1918,

Inversion of (32) defines coefficients f; .,

J
Z fj,n,le)(T), j — 1 even. (39)

n=I[ mod 2
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Table 11. Examples of (39).

= LVBRY (r) + VTR (r)
r3— %\/ER(D( )+ 21R(1)( ).
ri= %‘/ERSO)( ) + 63\/>R0 (r)
+633\ﬁR(0)(T)
= LVTRY (r) + VIR ().

r%;JRmU$%%WM
+1288<5)\ﬁ 35 ) 3)

:%%%Hﬂwﬁ3<»

= 5V3 R (1) + FVTRY (1)
+&@§W>Gmgﬁﬁ>

:ﬁﬁ&<gﬁwﬁR<>
+55=15 R

Iy ()2 @

_ﬁ\/ﬁR4 ( )+ 19rWR (7")

r= VB R 0) A5 R ()

+ B VIBRYY () + 2 VITRY (r)
= 3R (r) + 8%5WR(3()
+m\/7R3

= VIR (r )+ﬁf3<5)( ).
= fVERY () + VTR ()
VIR (1) + it VIB RE (r)
+ sy 10 Ry (1)
= VTR () + &VILRY (1)
—’_11805\/>R(2 ( )+ 20995\/>R(2 ( )
= LVITRYM(r) + 55 V15 RE) (r)
s VIO R (1)
= ﬁ\/ﬁR“j)( )+ 322 VIO RS (r).
= LVERM(r) + LRV (r)
er\ﬁR(l)( )+ 20995\ﬁR(1)( )
+44102895\/>R9 ( )

=380 8<E’3)\ﬁR(3)( % 3)
Jrﬁ\ﬁR? (r)+ 33915\ﬁR (r)

= HVIBR (1) + g VITRY (1)
+ g VZLRG (1)
= LVATRY (r) + 2:V21 R (r).

The projection technique equivalent to the 2D
case based on the orthogonality (33), (36) and on
Gradstein and Ryzhik’s (1981) 7.512.2 yields

1

frmi = | AR ()ar
0

(35 +1),

=V2n+3
G+3+0 (5l +q+1)

(40)

[0
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Equation (39), evaluated at r» = 1, using (34) estab-
lishes the sum rule

J
> Vet 3fima=1.

(41)
n=l mod 2
Recurrences derived from (40) are
G+3+D0G —1+2)
f]+2, N (]7n+2)(]+n+5)fj N ( )
j—n 2n+7
Fim+2 it5+n 2n—|—3fj’ il (43)
]+3+Z
fimiv2 = i ————fim- (44)

Examples of (39) for small powers j are gathered
in Table 11. (Entries of the simple form 7/ =

() - :
R /\/2j+ 3 are omlltted.)
This expands 77 in a sum over Rg ) at constant
{. It might be regarded as solving (32) as a linear sys-

tem of equations with a vector of unknowns from 7!
to r",

R
l
Bige
Rl+4 -
Ry
V20+3 0 0 0 rt
Tl+2
0 0 A
0 :
,,,n

The matrix is a lower triangular matrix displaying
the coefficients of (32); the equation is easily solved
via forward elimination, for example. A complemen-

tary expansion in a series of Rg) with constant n

> fimaBRP(r), j-n=0 mod?2,

l=7 mod 2

rl =

(45)
lacks the orthogonality equivalent to (33), but again



ZERNIKE BASIS TO CARTESIAN TRANSFORMS

Table 12. Examples of (45), 0 < j < 2.

1/V3= 1RO° .
| V7= 2R® — 2R,
VI = 9R(4) Rff) + =R
6) 4 2
1 /V15 = 11030R( _ﬁR()"’l%Ré)
5ﬁ25R6 i? (8) 104 (6)
AN 74)171R A ()
+665R 21 %10)R 1—7~_0 5985R 1040 (6)
SAF N
1771R10 15939R T 15939 R
1 /V27 = 32551 R(lz) R%O) 1(132233(8)
(6) (4 (2)
6?223274}%1% )"' 302083R 21506801 Ry;
+ 351087 112 A
r /Vb = 1R1 .
r/3=+ -2 R( )
r /\/*_ 11R(5) R(3) + = 5R(1).
A7 — 5 (7) (5) (3) (1 )
r/VIT = 19R ©) 357R (7)+ ER - 1785R
T/V = 3371t d05 R +441R9

R(S) 128 R?l

~aits 2 11)2 ©) )
r /5= 325R 715R11 + 429R11

13253(5) + 13)?;53%3? o5 i -
r /\/> = %4)5 R%’)B 1885 R(ll) 4115427R(9)
1;321R13 + 7192187R(5) 62%(2)5R
+ 33535 Ry -
2/\/> 1Ré )
¥/ = 2RO — 2R,

/ 6 4 2
2/ - 11335R( : 105Ré : + %Ré )

] 6 4
r?/V19 = 21079R( : 627R( - 1463R( :

_ 16 R(2)
o5 _ 21 p10) _ 136 pl® (6)
r?/V23 = 399100 — 3389 B0 T 759 SR
192 R( ) 128 R(2)
2300 S 6>90 (10 | 212 p®)
r2/v/2 —(6) SRy 3%1% + 115§2)R
32 128 256
2673R 27027R — 243243R

it can be formulated as a linear system of equations,

RY
R
R | =
Rﬁ[‘)
Tl
7,.l+2
0 . . ) Tl+4
0 0 .
0 0 0 V2n+3 r’

this time with an upper triangular matrix populated
by the coefficients of (32), solvable with backward
elimination. The sum rule according to (34) is

=V 2n+3 Z fj,ml' (46)
1
Results are illustrated in Table 12. Unlike (39),

which turns out to be helpful in Chapter 3.5, (45)
is not used further below.

3.2. Basis in the Unit Sphere
Let the 3D Zernike functions

2,7y = RO (o,0); (47)
be defined in (0 < p <2m; 0 <O <m 0<r<1)
with Edmonds’ (1957) sign choice of the Spherical
Harmonics (Messiah 1976)

(20 + 1) (1 — m)!

(m): _1\m ) m imep
V) = () S P (cos0)e

(48)

(=1 <m <1). Complex conjugation, denoted by the
star, yields (Edmonds 1957)

}/l(m)* — (_

1y, ™, (49)

The latitudes are spanned via Associated Legendre
Functions (Edmonds 1957)

dm
P (x)=(1- fg)mmdximpl(f)a m >0, (50)

differing by a factor (—1)™ from other sign conven-
tions (Abramowitz and Stegun 1972, Gradstein and

Ryzhik 1981). Extension to negative upper indices
is finally defined via

(I —m)!

(I +m)! (51)

P (@) = (=)™
The 3D Zernike functions are products of Vector Har-

monics lel(m) by even polynomials in r of order n—I.
They are ortho-normal over the unit sphere,

/ Zr(:lL) (T, 2 H)Zfzy/nl/)* (7“, ®, 9)d3r = 5n,n’5m,m’6l,l’~
r<l

(52)
This foundation in spherical coordinates spawns in-
terest in transformation into (Section 3.3) or from
(Section 3.4) Cartesian coordinates.
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3.3. Zernike to Cartesian

The Spherical Harmonics are (Mathar 2002)

_ |
@A)y
Ar(l+m)!

where i is the imaginary unit. Rendered as Cartesian
Coordinates

z=rsinfcosy, y=rsinfcosyp, 2z =rcosb,

the Vector Harmonics are the 3D version of Eqgs. (22)
and (23) (Mathar 2002),

Lo (m) N m\/21+1 B
6.0 = (-5)

b 1 1 o1t+o02
0'1!0'2! (_4>
— 2(0’1 -+ 0'2))!

Jor (3

Xxm—t+201 yt+202 zl—7n—2(<71 +o02)

m)!(l + m)!

. (54)

Sample outputs are shown in Table 13.
More general Cartesian representations of

r”Yl(m), for even n — [ > 0, follow from there by
multiplication with the trinomials

o1+o2<(n-1)/2

>

01,0220
202zn—l—2(01+¢72)

[(n — 1)/2]

0’1!0’2!(”771 — 01 — 0'2)!

Xm2aly

Gathering terms with the aid of Table 10 generates
Cartesian expansions for Zf:;) as in Table 14.
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Table 13. Examples of (54).

VA ? =1

ﬁrYl(O) =1V3z.

ﬁTYl(l) =—-3V6z— 1V6iy.
\/7?7“2}/2(0): 1\f( 222+y2+1}2)
\/7?7“21/2(1): 30 zz — 1v/30iyz.

\/ETQY(Q)
ﬁr3Y(O

l\ﬁ(y —z )+4miyx.
\f( 222 + 3y? + 322)z.

VarsysN= W( — 42y
+8\/212y(az — 422 +9?).
VY= — L2010 (2 — a2)z + 1V210izyz.

Vardy = V35 (—z% + 3y*)x

+2V35iy(—32% + y?).
0
\/7?744}/4( )_ %z‘* 9y2z2+ %y“ . %z%z
+gy2x2+%x4

8
\/777"4Y4(1): 3VE (=422 + 327 + 3y°)za
+3V5i(—42% + 322 + 3y?)yz
Vrrty Y= 310 (4 - 622 +x)(ytx2)
—3V104y(y? — 622 + 2?)z.
VrrtY, V=335 (~x +3y)
+3V35iy(—32% + y?)z.
Variy®= V70 (—a? — 2yz + y?)

4 402222 — 409222
222 + 152" + 15¢%)z2.
VartY V= - L/330 (a4 — 122222 4 2422
+82% — 129222 + yH)x
fév 3304y (z* — 122222 4 2222
+82% — 129222 + y*).
VY D= L2310 (~222 + y? + 22) (y2 — %)z
—2+V23104y(—222 + y* + 2?) 22
\/771"5}/5(3): —25V/385 (y? + 2? — 82%)(—a? + 3y*)x
—5V/385i(y? + a? — 822)(—32% + y?)y.
N A 2 770 (—2? — 2yx + y?)
x(—2% + 2yx + y?)z
—3VT10i(y* — 2?)yzz.
VY= - : — 27T (a* — 10y%2? + 5y*)x
77 iy(5x* — 10y%2% + y*).

Terms with negative upper index m of Z have
not been listed and follow from (49): If m is even,
the imaginary part of Z changes sign; if m is odd,
the real part changes sign.
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Table 14. Cartesian representations of (47).

given p, ¢ and ¢t. We use (52) to construct

2= 13T
2= 1\/15/x =.

2= —3\/30/rx — 1\/30/x iy.

Z80 = 1\/T/7 (=3 + 522 + 5y® + 522).
280 = —1\/35]1 (=222 + ¢ + a?).

22(72): fi\/mxz - i\/mzyz

75 = -1 210/ iya.

V210/7 (y? —2?) + 1
3/m2(=5 + Tx? + Ty? + 722).
255,11): —3/6/mx(—5+ T 4+ Ty* + 722)

N
ol
N[

21/7sz(m — 422 +y)
zg?gf —3./210/7 2(y* — %) +
Zs’gf %\/35/7rx( 2% + 3y?)
35/miy(—3x% + y?).
= 1—16\/11/7r (15 — 7022 — 70y — 7022
+632* 4 1269222 4 1262222 4 6334
+126y%22 + 6324).
Zi?z): —3/05/m (=222 + y? + 2?)
X (=74 922 + 9y + 9z2).
2= —51/330/mxz2(—7 + 9x% 4 9y? + 92?)
—51/330/miyz(=7+ 922 + 9y* + 927).
= —/330/7 (y? — 2?)
X (=74 922 + 9y + 922)
—|—%w/330/7riy:1:( 7+ 922 + 9y + 922).

Z0)= 311 ]m (82* — 24y?2? + 3y
—242222% + 6y22? + 3a%).
Zili: 3/55/m x2(—42% + 3y? + 3a?)

+3/55/miyz(—42% + 3y* + 3z?).
Z3)= 3 /110/7 (12 — 2%)(y® — 622 + 2?)
%\/mzyz(yQ—Gz + 2?).
Zfi: 3./385/m xz(—a? + 3y?)
%\/385/7rzyz( 322 + y?).

Zﬁz: \/770/77( 2% + 2yz + y?)
x (-2 — 2yx + 3?)

(=
—3/770/7 iya(y? — 2?).

210/ izyz.

— g+t opt t
Up q.tn,lm —/ rPTIT sinP T4 g cos” 6
<1

x cos? psin? @ RY (r )Y(m (0, p)d?

by projection onto each individual Z (m ). Section

3.3 of my earlier work (Mathar 2002) factorlzeb this
triple integral as

B m [ @U+1)( —m)!
== 4m(l +m)!

XIr(p + q + t’ n, l)IQ(p + q, ta l? m)LP(pa q,

Up,q,t,n,l,m
*
m)*,

with two factors defined as

1
LGl = / 2RO (1) dr
0

_ { 0,
fj7n,l7

j —loddorn —lodd;
j + leven.

and

27
I,(p,q,m) = / e cos? psin? pdp
0

0,p+ g — modd;

min(p,m%’")

™
Py > ®)
— 9p+q—1 o max(0,2=4=m) o

X(%ﬂmia)(_l)ff*(ﬁq*m)/{

p+ g — meven.

An obvious recurrence is

I,(p,q+2,m) = I,(p,q,m) — I,(p+2,q,m). (56)

The third factor Iy is only evaluated for even p+q —
m-~—otherwise I, equals zero which turns u to zero
and Iy is not of interest—

3.4. Cartesian to Zernike

The inverse problem to the one of Section 3.3

is finding the wu-coefficients in the ansatz

>

—p—q<m<p+t+q
I<n<p+qg+t

$pyqzt —

Up,grtnt,m RO ()Y, (6, 0),

Ig(k,t,l,m) = / sin**1 g cos! P (cos 0)do
0
0, [ —m+todd;
I (—1)(m=Iml)/2 (I=|m|)/2

a ( _ZT)E v=0
% (o) I —

((1+t+l+k)/2—V) ’
(k+|ml[)/2

(%_V)l

1+t+l—|m|—2v

m + teven.

(55)  This computation of u generates Table 15.
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Table 15. Examples of (55).

)/ m= \ﬁZ( D \ﬁzllr

y/ Vi=1 \ﬁZ( 1)+15\ﬁZ(1).

AN N 300

a?/ 7= 15\[Z(g?3+ﬁ\fz2o
+ﬁ\/m2532) B 105\ﬁZ2
+1a5 V210 253,

zy/ VT = 105\/WZ§ 22 -1

210

0) (0

y2/ \f— \[Z(go+1o5\/>z23

105V21 Z22 _105V Z2
105\/21 222

yz) VI = 1=v/210 25, + 1210 23,

2/ 7= EVBIE + VT 250
+135\ﬁ22(02
x3/ VT = \ﬁZ( 1 _ \ﬁZ(l)
+105f2§ 11) 105\[23511)
+1o5\FZ( 3) _ ﬁ\ﬁZ( 1))
+105\ﬁZ 1) o Wls\/ﬁz?()?g
x2y/\f = 105fZ1 1+ ﬁ\/;zill)
+%\/EZ§;1) + 315‘[Z§11
+165fZ333) 315\/>Z3 31)
31FWZ3 + 10,\/>Z3
9522/[ = 105\/>Z1 1t 315\fZ(0)
+3}5\/WZ?(),32 105\fZ3
+315 V210 Z433.
$y2/\f - 105\ﬁZ1 1 105\ﬁZ(1)
+315\[Z§ 11) - %ﬁzéll)
105\ﬁZ:§ 33) 315\ﬁZ3(> 31)
+315\ﬁZ(1) + ﬁ\ﬁzéfg

2 2
2yz /T = 521/210 Z§3) 315\/21()Z§3).

x2* [T = 105\ﬁ211 _ﬁ\ﬁz
+315\[ZS§,11) 315‘/23(,11
+3%5fZ§31) 315\/>Z3132
v’/ V= 35\/>Z( 1)+35WZ(}E
+155 V6 23] 1”+105f 2%
105WZ3 33) 105\/>Z3 31)
105\/>ZB _ﬁ\/»Z(S)
y*z//m = 105\/>Z11 +ﬁ\[2(0)
315\/f2§32 —ﬁ\fZ?()Og
31552&
yZQ/\/*i 105\ﬁZ( 1)+ﬁ\ﬁz(1)
+ V6200 + 262
315\ﬁZ( nJFﬁ\FZél?z

22'

1
xz) T = 105\/21 Z5," — 1=/210 Z§2.

3.5. Product Expansion (Linearization
Coefficients)

The product of the angular variables are the
established expansions with Wigner 3j coefficients
(Edmonds 1957, Sébilleau 1998)

Y(ml)y(m2) —
lilf Z (201 + 1)(205 + 1)(20 + 1)
47

I=|l; —lo| m=—1

ll 12 l ll l2 l (m)x*
><<m1 mao m><0 OO)Yl » (57)

where the sum over m is nonzero only at mi +mso +
m = 0. The relation to Clebsch-Gordan coefficients
(Rasch 2003)

Table 16. Examples of (57).

\fY( 1)Y(o) 1\[}/( b
VEY 1)Y1( Y= 310\[Y
JAYOv©O — 2 oy ©®

1 o T3 1
IY(O)Y(_D 1 \/7Y(_1)

\FY(O Y(o) z\fy(o %\/BYQ(O).
fy(l)y(o) éfyl(l)

Dy (—1 0 0
R o AR
VTY Y :T15\/€Y2
\/%Ylil)g)/l(l()o): %\/65/2(2() 2
\/7?1/2(_2)1/0(_1): %O\I/§Y2 (-3)

\/EY2(72)Y1(0) :1470\/5}(%2)'
ﬁy?(—myl(l) :ml\/gy‘g(—li 1 (=1
\/7?Y2( 2)Yl( 2): —30\/6\3}1 (+4;;70\/§Y3 .
VY, Y_ = 20160 Y4_'

D A AL N A
\FY( 1)Y( 1) 1 \fY( 2)
VT 2 0 -0 (—?i) . (1)
VT Y, 1Y11 :T5\/6Y1 OJFﬁ\/gYBO )
VEYIY W = T By 4 7%5\/5)/; ).
\/%5/2(71)1/2(72) = 0040‘/>Y N

—1 —1 2 2
\/773/2(0) )}(%() )= 140\(0[)}/2( L*’%\ﬁn( g
\/E}/Q( Yy :g\[y )

0)y-(—1 -1 -1
e
VY iy = ﬁl/éyl @ %;/gys M
ﬁi@(o)yl(fz): 7%;/6}/1 (t2)770\/§1y3 ' (=2)
VT ok 1)2_@¢6}61> erJTO<Y411> '
VAt Wy U= VB, 4 g 10T
VI = 32y Y + £V6Y,Y + Svioy,”.
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J1 J2 J3 _ (71)j1 Jj2—ms3 71

mi Mo M3 V2753 +1

X (jimajame | jij2js — ms)
opens a route to computation via standard formulas
(Edmonds 1957, Fano 1959, Abramowitz and Stegun

1972, Ulfbeck 2007). The familiar Table 16 results
in conjunction with (49).

Table 17. Examples of (58). All arguments are (r).

with [ fixed in that interval. The 3D analog to (24)
and (26) is

ni+nz

I
E : kn17ll,n27l27n3;l3 R%;f) (7")

nz=ls

I 1
R;I)< R(z)

(58)
A k-sum rule is immediate, taking r = 1 with (34).
Triple insertion of (2) creates

1

knhllmmlz,nmls :/ TQR'ELI;)(T)R%Z;)(T)R%Z;)(r)dr
0

"1 51 "2 ) "3 i3

RYRY = V3R + 27 RY
N
R(l)R(O) 27RO 4+ 535 R
R(l _ SfR(l) 1\/%1%:(51)
= ;fR 2
R{VRYY = 5—1\/% Rg°> + %\/% R
= 2V35RY) + \FR4 :
R<1>R3 _ 1WRQ>+ : /55 R
_ 3 \ﬁR(4
Rg0>R =V3RY - 2y7RY + V11 R,
R(O)R 4fR(2) %\/ﬁRf).
R?)R2 — V3R +3VTRY + SVIIRY
_ 7\[R(2) me)
— 7 \/>R(4
R<”R4 = AV55 R\ + V715 R,
R(l)R(2) 7 \ﬁR(l) + m\/ﬁR(l)
WR(?’ +EWR(3).
R“ = \FR“’ + 2 V715 R
- ;SWR“ .
BB — SV RY - £ VTR + VTR
RgO)Rgs) = %\ﬁRg + 143fR(
RPRYM = 235 R + BT R + 2 /9T R!
= 1i R(3) + 143\ﬁR(3)
R(2 3_1\/>R1)_~_ fR(1+@\/9TRél)
197 TR 143\/>R5
%\FR@
RVRY = 143WR4°> 2./975 Ry
T\/7TR42) 3./975 R{?.
RMVRY = 143\/7TR42)+@\/97R(2)
-~ 43\/7TR(4)+@\/97R(4)
Rgl)R Y= 13\/7TR(4) + IQSWRG Y
= %\/%Rg@.

Since we are concerned with products of two Zernike
functions, R\ )Ylgml)jo)Ylng) that couple angular
variables to products in the range |l —la| <1 <11+l

via (57), the request is to expand R ll)R(l2 s RV

Z Z Z 3—|—ll+l2+l3+2(31+82+83)

51—0 52—0 S3=
ne—ly 14ni+1;
1) (2 2 TS
s ne—lt :
t 2

X H Vv 271,5 + 3(—

t=1
In practice, given the product of the radial polynomi-
als as a polynomial in 7, double insertion of (39) leads
to the products of Table 17. Products of two entries
of Tables 16 and 17, picking lines with matching I-

parameters, expand products ZfLT}I) Z (mf) of two 3D
Zernike functions into a sum over 3D Zernike func-

tions.
4. SUMMARY

The 2D and 3D Zernike functions are orthog-
onal basis sets defined in the umit circle and unit
sphere. The specific notation introduced by Noll is
the most common standard in 2D, and a more ra-
tional (but square-root loaded) standard seems to
emerge in 3D. We have demonstrated the trans-
formation of the basis functions between the radial-
angular and the Cartesian systems for both dimen-
sions.

The applications are numerical field simula-
tions, where the foundation is backed by an isotropy
in 2D or 3D space, but where followup calculations
employ vector field operators which have simpler rep-
resentations in global Cartesian than in local circular
or spherical coordinates.
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Cmpyunu waanar

Y pany cy TtabemapHO AATU PaIujaJHUA
nommeoMu 2D (kpyskumx) m 3D (cpepuux)
3epuukeoBux ¢yuruuja. Takobe je mara obp-
HyTa 3aBUCHOCT: palWijajiHa yOaJLeHOCT Ha
HEKV CTeNeH Kao KOHayHM 30up pangujaHux
MoJUHOMA, MOOMjeHa Ha OCHOBY MPOjEKIMja KO-

pumhemeM ocobume OPTOrOHAJHOCTHU ITOJUHOMA
Ha jeIUHUYHOM WHTEPBAJY.
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MuoskemeM  TOJWMHOMA  Cca  YTJIOBHOM
6a3oM (a3uMyT, HOJIADHU Yrao) Ie(QUHUILY Ce
3epHUKeoBe (QYHKIUjE 3a KOje Cy U3BEJEHE TPAHC-
dopmarnuje u3 u y lekaproBe KoopauHATE Yy CUC-
TEMy Ca IEHTPOM y CPEIOUIITYy KPYKHUIE WU
chepe.



